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ABSTRACT 
A lower bound for the norm of the sum of n unit vectors in R” having mutually 
nonnegative inner products is given; the case for which equality holds is character- 
ized. 
INTRODUCTION 
In [2] J. B. Kruskal and H. J. Witsenhausen state the following conjecture 
of W. Kruskal. 
CONJECTURE. Let S be a set of n unit vectors in R” having mutually 
nonnegative inner products, and let s be the sum of the vectors in S. If 
n = kd + r with 0 < r < d, then (s,s) > f(n, d) := dk2 + r(2k + 1) with equal- 
ity if and only if the n vectors in S are distributed as evenly as possible over 
an orthonormal basis of Rd. 
Bos and Seidel proved the conjecture in [l] in the following special cases: 
(i) n < d; (ii) n = 0 (mod d); (iii) d = 2; (iv) S is a two-distance set with 
inner products 0 and l/s. 
In this note we prove the conjecture for all n and d. 
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TWO WELL-KNOWN LEMMAS 
LEMMA 1 (Gershgorin). Let A be a square singular matrix. Then for 
some row i of A we have 
laiil G C l’ijl’ 
jfi 
Proof. Since A is singular, Ax = 0 for some x # 0. Let i be such that xi 
is the largest of the coordinates of x in absolute value. 
Since Xaijxj = 0 we get laiil < Xj+i/aijl. n 
LEMMA 2. Let S = {a,,a a,. . . ,a, } be a set of vectors in R”, and let A be 
the gramian of the set S, i.e. A i j = (a i, a j). Again s is the sum of all vectors 
in S. Then (s,s) equals the sum of all entries of A. 
THE THEOREM 
THEOREM. Let S= {a,,..., a, } be a set of unit vectors in R”, with the 
property that the inner product of any pair is nonnegative. Let s = Ca,. Then 
(s,s) 2 f( n, d ). Equality occurs if and only if the n vectors in S are 
distributed as evenly as possible over an orthonormal basis of R”. 
Here f(n, d) = dk2 + r(2k + l), where n = dk + r, with 0 < r < d. 
Proof. For n < d the theorem is obvious, since the sum of all diagonal 
elements of the gramian A of S is already n = f( n, d), and by Lemma 2 (s,s) 
equals the sum of all elements of the gramian. It also follows that equality 
holds if and only if the a, are orthonormal. 
Next let n > d, and let the a i be so ordered that IC, 4 i ~ da i I is minimal. 
CLAIM. For each j > d, (aj,Xf==,ai) > 1. 
Proof. Suppose not. Let A’ be the gramian of {a,,...,ad,aj}. By 
Lemma 1 there is a row, i say, with the property that the sum of the 
off-diagonal entries is at least 1 (since all diagonal entries are 1). Since we 
assumed that this is not the row corresponding to aj (the sum of the 
off-diagonal entries is just the inner product with the sum of the remaining 
vectors), we see that the sum of the entries in row and column i is more than 
that in the row and column corresponding to a j. This means however that we 
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can decrease the norm of the sum of the first d vectors if we replace a i by a j. 
Contradiction. n 
The proof of the theorem is now finished by use of an easy induction 
argument. Let 
a= t a, and b= c ai. 
i=l i > d 
Then 
(s,s) = (a,a) +2(a,b) + (Lb) 
>,d+2(n-d)+f(n-d,d)=f(n,d). 
Moreover it easily follows that in case of equality we must have equality 
everywhere; in particular, a i, . . . , ad form an orthonormal basis and S consists 
of n vectors distributed as evenly as possible over this orthonormal basis 
of R”. n 
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